
Ðàñïðîñòðàíåíèå ëàçåðíîãî ïó÷êà â òóðáó-
ëåíòíîé àòìîñôåðå: ñòàòèñòè÷åñêèå ñâîéñòâà
ãàóññîâûõ íà÷àëüíûõ ïó÷êîâ
Õàðàâèíèí Âëàä

Ìû èññëåäóåì ñòàòèñòèêó íóëåé èíòåíñèâíîñòè ëàçåðíîãî ëó÷à ïðè åãî ðàñïðîñòðàíåíèè
â òóðáóëåíòíîé àòìîñôåðå. Âñå õàðàêòåðíûå ìàñøòàáû çàäà÷è (ðàçìåð âîëíîâîãî ïàêåòà,
äëèíà åãî ðàñïðîñòðàíåíèÿ) ïðåäïîëàãàþòñÿ çíà÷èòåëüíî ïðåâûøàþùèìè äëèíó âîëíû,
òàê ÷òî ïðèìåíèìî îïèñàíèå âîëíû â òåðìèíàõ êîìïëåêíîé îãèáàþùåé Ψ. Â ñèëó áîëü-
øîãî çíà÷åíèÿ ñêîðîñòè ñâåòà ìîæíî ñ÷èòàòü, ÷òî ñîñòîÿíèå ñðåäû íå ìåíÿåòñÿ çà âðåìÿ
ðàñïðîñòðàíåíèÿ âîëíû è èñïîëüçîâàòü ñòàöèîíàðíîå ïðèáëèæåíèå äëÿ îïèñàíèÿ å¼ îãè-
áàþùåé, ò.å. ñ÷èòàòü Ψ ôóíêöèåé êîîðäèíàòû z â íàïðàâëåíèè ðàñïðîñòðàíåíèÿ âîëíû, è
äâóìåðíîãî ðàäèóñ âåêòîðà r â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé íàïðàâëåíèþ ðàñïðîñòðàíå-
íèÿ.

Òîãäà óðàâíåíèå äëÿ îãèáàþùåé Ψ(r,z) èìååò âèä

i∂zΨ+∇2
⊥Ψ+ ξΨ = 0, (1)

ãäå ∇⊥ - äâóìåðíûé ãðàäèåíò â ïîïåðå÷íîé ê íàïðàâëåíèþ ðàñïðîñòðàíåíèÿ ïëîñêîñòè, à
ξ(r,z) - ôëóêòóèðóþùàÿ ñîñòàâëÿþùàÿ ïîêàçàòåëÿ ïðåëîìëåíèÿ.

Ðàññòîÿíèå, ïðîéäåííîå âîëíîé, ïðåäïîëàãàåòñÿ ñóùåñòâåííî ïðåâûøàþùèì èíòåãðàëü-
íûé ìàñøòàá òóðáóëåíòíîñòè, òîãäà êàê ïîïåðå÷íûé ðàçìåð âîëíîâîãî ïàêåòà ïðåäïîëà-
ãàåòñÿ ìåíüøèì, ÷åì èíòåãðàëüíûé ìàñøòàá. Â ýòîì ñëó÷àå ïîêàçàòåëü ïðåëîìëåíèÿ ξ
áûñòðî ôëóêòóèðóåò âäîëü íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ âîëíû. Íàñ èíòåðåñóþò èíòå-
ãðàëüíûå õàðàêòåðèñòèêè, ñâÿçàííûå ñ ξ, ïîýòîìó â ñèëó öåíòðàëüíîé ïðåäåëüíîé òåîðåìû
ñòàòèñòèêà ξ ìîæåò ñ÷èòàòüñÿ ãàóññîâîé. Ýòà ñòàòèñòèêà îïðåäåëÿåòñÿ ïàðíîé êîððåëÿöè-
îííîé ôóíêöèåé ôëóêòóàöèé ïîêàçàòåëÿ ïðåëîìëåíèÿ:

⟨ξ(r1,z1)ξ(r2,z2)⟩ = δ(z1 − z2) [const− rc12] , (2)

ãäå óãëîâûå ñêîáêè îçíà÷àþò óñðåäíåíèå ïî ðåàëèçàöèÿì ñîñòîÿíèÿ ñðåäû, r12 = |r1 − r2|
è c - íåêîòîðîå ÷èñëî. Âûðàæåíèå (2) ñïðàâåäëèâî äëÿ ðàññòîÿíèé r12, ëåæàùèõ â èíåðöè-
îííîì èíòåðâàëå òóðáóëåíòíîñòè. Êîíñòàíòà â ñîîòíîøåíèè (2) îïðåäåëÿåòñÿ òóðáóëåíò-
íûìè ôëóêòóàöèÿìè íà èíòåãðàëüíîì ìàñøòàáå, à ñòåïåííàÿ ïîïðàâêà - ôëóêòóàöèÿìè
íà ìàñøòàáàõ ∼ r12. Ôëóêòóàöèÿìè ïîêàçàòåëÿ ïðåëîìëåíèÿ ξ â òóðáóëåíòíîé àòìîñôåðå
îïðåäåëÿþòñÿ â îñíîâíîì ôëóêòóàöèÿìè äàâëåíèÿ. Äëÿ êîëìîãîðîâñîãî ñïåêòðà ïîêàçà-
òåëü ñòåïåíè c â âûðàæåíèè (2) ðàâåí c = 5

3
. Â äàëüíåéøåì ïîêàçàòåëü c áóäåò ñ÷èòàòüñÿ

ïðîèçâîëüíûì ÷èñëîì, ëåæàùèì â èíòåðâàëå 1 < c < 2.
Äëÿ äâóòî÷å÷íîé êîððåëÿöèîííîé ôóíêöèè èìååòñÿ ïðåäñòàâëåíèå â âèäå ñâåðòêè ñ

ôóíöèåé ãðèíà G.

G(x1,x2,r1,r2,z) =
1

16π2z2
exp

[
i

2z
(x− r) (X−R)− z

∫ 1

0

dχ|xχ+ (1− χ)r|c
]
, (3)

ãäå R = r1+r2
2

, r = r1 − r2, X = x1+x2

2
, x = x1 − x2

⟨Ψ(r2,z)Ψ
∗(r1,z)⟩ =

∫
d2Xd2xG(x1,x2,r1,r2,z)Ψin(x1,z)Ψ

∗
in(x2,z) (4)
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Íàñ èíòåðåñóåò ñðåäíåå ÷èñëî íóëåé èíòåíñèâíîñòè êàê ôóíêöèÿ îáëàñòè èíòåãðèðî-
âàíèÿ:

⟨N⟩ = ⟨
∫

dxdyδ(u(x,y))δ(v(x,y))|u′
xv

′
y − u′

yv
′
x|⟩, (5)

ãäå ââåäåíû îáîçíà÷åíèÿ u = Re [Ψ] , v = Im [Ψ]

Ïîëüçóÿñü èíòåãðàëüíûì ïðåäñòàâëåíèåì δ-ôóíêöèè Äèðàêà

δ(x) =

∫
dp

2π
exp(ipx)

è ïðåîáðàçîâàíèåì Õàááàðäà-Ñòðàòàíîâè÷à

1

|u′
xv

′
y − u′

yv
′
x|

=

∫
dτ√
π

∫
dζ√
4πτ 2

exp

[
− ζ2

4τ 2
− iζ

(
u′
xv

′
y − u′

yv
′
x

)]
ïîëó÷èì:

⟨N⟩ =
∫

dxdy

∫
dp

2π

dk

2π

∫
dτ√
π

dζ√
4πτ 2

(
1

2τ 2
− ζ2

4τ 4
)exp

[
− ζ2

4τ 2

]
⟨exp

[
ipu+ ikv − iζ

(
u′
xv

′
y − u′

yv
′
x

)]
⟩

(6)
Ââåäåì îáîçíà÷åíèÿ

u =
(
u, v, u′

x, u′
y, v′x, v′y

)
b = (ip, ik, 0, 0, 0, 0)

M−1 =


⟨u2⟩ ⟨uv⟩ ⟨uu′

x⟩ ⟨uu′
y⟩ ⟨uv′x⟩ ⟨uv′y⟩

⟨vu⟩ ⟨v2⟩ ⟨vu′
x⟩ ⟨vu′

y⟩ ⟨vv′x⟩ ⟨vv′y⟩
⟨u′

xu⟩ ⟨u′
xv⟩ ⟨u′2

x ⟩ ⟨u′
xu

′
y⟩ ⟨u′

xv
′
x⟩ ⟨u′

xv
′
y⟩

⟨u′
yu⟩ ⟨u′

yv⟩ ⟨u′
yu

′
x⟩ ⟨u′2

y ⟩ ⟨u′
yv

′
x⟩ ⟨u′

yv
′
y⟩

⟨v′xu⟩ ⟨v′xv⟩ ⟨v′xu′
x⟩ ⟨v′xu′

y⟩ ⟨v′2x ⟩ ⟨v′xv′y⟩
⟨v′yu⟩ ⟨v′yv⟩ ⟨v′yu′

x⟩ ⟨v′yu′
y⟩ ⟨v′yv′x⟩ ⟨v′2y ⟩



N =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −2iζ 0 0
0 0 2iζ 0 0 0


Òàêèì îáðàçîì

⟨exp
[
ipu+ ikv − iζ

(
u′
xv

′
y − u′

yv
′
x

)]
⟩ =

∫
duexp

[
−1

2
uMu− 1

2
uNu+ bu

]
1

(2π)3
√

det(M−1)
(7)

⟨exp
[
ipu+ ikv − iζ

(
u′
xv

′
y − u′

yv
′
x

)]
⟩ =

exp
[
1
2
b(M +N)−1b

]√
det(1+NM−1)

=
exp

[
1
2
bM−1(1+NM−1)−1b

]√
det(1+NM−1)

(8)
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1+NM−1 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

−2iζ⟨u′
yu⟩ −2iζ⟨u′

yv⟩ −2iζ⟨u′
yu

′
x⟩ −2iζ⟨u′2

y ⟩ 1− 2iζ⟨u′
yv

′
x⟩ −2iζ⟨u′

yv
′
y⟩

2iζ⟨u′
xu⟩ 2iζ⟨u′

xv⟩ 2iζ⟨u′2
x ⟩ 2iζ⟨u′

xu
′
y⟩ 2iζ⟨u′

xv
′
x⟩ 1 + 2iζ⟨u′

xv
′
y⟩


det

(
1+NM−1

)
= 1 + 2iζ⟨u′

xv
′
y − u′

yv
′
x⟩+ 4ζ2

[
⟨u′

yv
′
x⟩⟨u′

xv
′
y⟩ − ⟨u′

yv
′
y⟩⟨u′

xv
′
x⟩
]

(9)

Ïîëüçóÿñü ñîîòíîøåíèÿìè:

⟨u2⟩ = ⟨v2⟩ = 1

2
⟨ΨΨ∗⟩

⟨u′
xu⟩ = ⟨v′xv⟩ =

1

4

∂

∂x
⟨ΨΨ∗⟩

⟨u′
yu⟩ = ⟨v′yv⟩ =

1

4

∂

∂y
⟨ΨΨ∗⟩

⟨uv⟩ = ⟨u′
xv

′
x⟩ = ⟨u′

yv
′
y⟩ = 0

⟨u′
xv⟩ = −⟨v′xu⟩ =

1

4i
⟨Ψ∂Ψ∗

∂x
−Ψ∗∂Ψ

∂x
⟩

⟨u′
yv⟩ = −⟨v′yu⟩ =

1

4i
⟨Ψ∂Ψ∗

∂y
−Ψ∗∂Ψ

∂y
⟩

⟨u′
yv

′
x⟩ = −⟨v′yu′

x⟩ =
1

4i
⟨∂Ψ
∂x

∂Ψ∗

∂y
− ∂Ψ∗

∂x

∂Ψ

∂y
⟩

⟨u′
yv

′
x⟩⟨u′

xv
′
y⟩ − ⟨u′

yv
′
y⟩⟨u′

xv
′
x⟩ =

1

16
⟨∂Ψ
∂x

∂Ψ∗

∂y
− ∂Ψ

∂y

∂Ψ∗

∂x
⟩2

⟨u′
yv⟩⟨v′xv⟩ − ⟨u′

xv⟩⟨v′yv⟩ =
1

8i

(
⟨Ψ∗∂Ψ

∂x
⟩⟨Ψ∂Ψ∗

∂y
⟩ − ⟨Ψ∂Ψ∗

∂x
⟩⟨Ψ∗∂Ψ

∂y
⟩
)

Ïîëó÷èì:

det
(
1+NM−1

)
=

(
1− ζ

2
⟨∂Ψ
∂x

∂Ψ∗

∂y
− ∂Ψ

∂y

∂Ψ∗

∂x
⟩
)2

(10)

exp

(
1

2
b(M +N)−1b

)
=

= −(p2 + k2)

2

(
⟨u2⟩+ 2iζ

⟨u′
yv⟩⟨v′xv⟩ − ⟨u′

xv⟩⟨v′yv⟩
det(1+NM−1)

+ (2iζ)2⟨u′
xv

′
y⟩
⟨u′

yv⟩⟨v′xv⟩ − ⟨u′
xv⟩⟨v′yv⟩

det(1+NM−1)

)
(11)
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Ïîëàãàåì ⟨∂Ψ(R)
∂R1

∂Ψ∗(R)
∂R2

⟩ = limR
′→R ∂R1∂R′

2
⟨Ψ(R)Ψ∗(R′)⟩

⟨∂Ψ(R)

∂R1

∂Ψ∗(R)

∂R2

−∂Ψ(R)

∂R2

∂Ψ∗(R)

∂R1

⟩ = lim
R

′→R

∫
d2Xd2x

(
∂2G

∂R1∂R′
2

− ∂2G
∂R2∂R′

1

)
Ψin(X+

x

2
)Ψ∗

in(X−x
2
)

G = exp(f(R,R′)),

(
∂2G

∂R1∂R′
2

− ∂2G
∂R2∂R′

1

)
= G·

[
∂f

∂R1

∂f

∂R′
2

− ∂f

∂R2

∂f

∂R′
1

+
∂2f

∂R1∂R′
2

− ∂2f

∂R2∂R′
1

]

lim
R

′→R

∂f

∂R1

∂f

∂R′
2

− ∂f

∂R2

∂f

∂R′
1

= [

(
i

2z
(−X1 −

x1

2
+R1) +

2zx2

1 + c
|x|c−2

)(
i

2z
(X2 −

x2

2
−R2)−

2zx2

1 + c
|x|c−2

)
−

−
(

i

2z
(−X2 −

x2

2
+R2) +

2zx1

1 + c
|x|c−2

)(
i

2z
(X1 −

x1

2
−R1)−

2zx1

1 + c
|x|c−2

)
]

lim
R

′→R

∂f

∂R1

∂f

∂R′
2

− ∂f

∂R2

∂f

∂R′
1

=
1

4z2
[x1 (X2 −R2)− x2 (X1 −R1)]

lim
R

′→R

∂2f

∂R1∂R′
2

− ∂2f

∂R2∂R′
1

= −z

∫ 1

0

dχ(4χ(1−χ))2χc−4|x|c−4x1x2+z

∫ 1

0

dχ(4χ(1−χ))2χc−4|x|c−4x2x1 = 0

⟨ ∂Ψ
∂R1

∂Ψ∗

∂R2

− ∂Ψ

∂R2

∂Ψ∗

∂R1

⟩ =

=

∫
d2xd2X

16π2z2
x1(X2 −R2)− x2(X1 −R1)

4z2
exp

[
− i

2z
xR+

i

2z
xX− z|x|c

1 + c

]
Ψin(X+

x

2
)Ψ∗

in(X−x
2
)

(12)
Äëÿ Ψin(R), òàêèõ ÷òî Ψin(X+ x

2
)Ψ∗

in(X− x

2
) = f(|X|)g(|x|) âåðíî:

⟨ ∂Ψ
∂R1

∂Ψ∗

∂R2

− ∂Ψ

∂R2

∂Ψ∗

∂R1

⟩ = 0

⟨Ψ∗ ∂Ψ

∂R1

⟩⟨Ψ∂Ψ∗

∂R2

⟩ − ⟨Ψ∂Ψ∗

∂R1

⟩⟨Ψ∗ ∂Ψ

∂R2

⟩ =

= lim
R

′→R

(∫
d2xd2X

∂G
∂R1

ΨinΨ
∗
in

∫
d2xd2X

∂G
∂R′

2

ΨinΨ
∗
in −

∫
d2xd2X

∂G
∂R2

ΨinΨ
∗
in

∫
d2xd2X

∂G
∂R′

1

ΨinΨ
∗
in

)
Ñîêðàùàÿ ñîâïàäàþùèå ñëàãàåìûå, ïîëó÷èì:

=

∫
d2xd2XGx1ΨinΨ

∗
in

∫
d2xd2XG(X2−R2)ΨinΨ

∗
in−

∫
d2xd2XGx2ΨinΨ

∗
in

∫
d2xd2XG(X1−R1)ΨinΨ

∗
in

(13)
Àíàëîãè÷íî, äëÿ Ψin(R), òàêèõ ÷òî Ψin(X+ x

2
)Ψ∗

in(X− x

2
) = f(|X|)g(|x|) âåðíî:

⟨Ψ∗ ∂Ψ

∂R1

⟩⟨Ψ∂Ψ∗

∂R2

⟩ − ⟨Ψ∂Ψ∗

∂R1

⟩⟨Ψ∗ ∂Ψ

∂R2

⟩ = 0
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Òàêèì îáðàçîì, äëÿ Ψin(y) = exp
[
− y2

2σ2

]
:

det
(
1+NM−1

)
= 1

exp

(
1

2
b(M +N)−1b

)
= −1

2

(
p2 + k2

)
⟨u2⟩

⟨N⟩ =
∫

dxdy
1

2π

1

|⟨u2⟩|

∫
dτ√
π

dζ√
4πτ 2

(
1

2τ 2
− ζ2

4τ 4
)exp

[
− ζ2

4τ 2

]
= 0

Â ðåçóëüòàòå ìû ïîëó÷èëè, ÷òî ëþáàÿ îãèáàþùàÿ âîëíîâîãî ïàêåòà, ñ ðàäèàëüíî ñèì-
ìåòðè÷íûì â ïëîñêîñòè ïåðïåíäèêóëÿðíîé íàïðàâëåíèþ ðàñïðîñòðàíåíèÿ ïðîôèëåì, ïî-
ñëå ïðîõîæäåíèÿ ñêâîçü òóðáóëåíòíóþ àòìîñôåðó íå áóäåò èìåòü íóëåé.
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