
Ñâÿçü ìåæäó èíñòàíòîííîé

ñòàòèñòè÷åñêîé ñóììîé â 4d SUSY

êàëèáðîâî÷íîé òåîðèè ïîëÿ è

êîíôîðìíûì áëîêîì â 2d êîíôîðìíîé

òåîðèè ïîëÿ.

Ã. Òàðíîïîëüñêèé



Êðàòêèé ïëàí äîêëàäà

• 4d Òåîðèÿ ßíãà-Ìèëëñà.

• 2d Êîíôîðìíàÿ òåîðèÿ ïîëÿ.

• Ñîîòâåòñòâèå Àëäàÿ Ãàèîòòî è Òà÷èêàâû (ÀÃÒ)

1



Íåàáåëåâà êàëèáðîâî÷íàÿ òåîðèÿ ßíãà-Ìèëëñà

• Äåéñòâèå òåîðèè â ÷åòûðåõìåðíîì åâêëèäîâîì ïðîñòðàí-

ñòâå:

SYM[Aµ] =
1

2g2

∫
d4xtrFµνFµν,

ãäå

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν]

è âåêòîð-ïîòåíöèàë-ìàòðèöà:

Aµ = Aa
µT

a,

ãäå T a ∈ AG � àëãåáðà Ëè, êàëèáðîâî÷íîé ãðóïïû G.

• Ñòàòèñòè÷åñêàÿ ñóììà òåîðèè � ôóíêöèîíàëüíûé èíòåãðàë

ïî âñåì ïîëÿì Aµ:

Z =
∫ 4∏

µ=1

DAµe
− 1

2g2

∫
d4xtrFµνFµν

2



Èíñòàíòîíû â òåîðèè ßíãà-Ìèëëñà

• Ìîæíî ïðîâåðèòü, ÷òî ñëåäóþùèé èíòåãðàë ÿâëÿåòñÿ òîïî-

ëîãè÷åñêèì èíâàðèàíòîì:

q =
1

8π2

∫
d4xtrFµνF

∗
µν, q ∈ Z

è F ∗
µν = 1

2ϵµνλγFλγ.

• Ðàññìîòðèì íåðàâåíñòâî

tr

∫
(Fµν − F ∗

µν)
2 ≥ 0,

èç êîòîðîãî ñëåäóåò, ÷òî

SYM[Aµ] ≥
4π2

g2
|q|

• Íèæíÿÿ ãðàíèöà äîñòèãàåòñÿ íà èíñòàíòîíàõ � êîíôèãó-

ðàöèÿõ Aµ, ÿâëÿþùèõñÿ ðåøåíèåì óðàâíåíèÿ:

Fµν = F ∗
µν
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Èíñòàíòîííàÿ ñòàòèñòè÷åñêàÿ ñóììà â òåîðèè ßíãà-Ìèëëñà

• Îïðåäåëèì èíñòàíòîííóþ ñòàòèñòè÷åñêóþ ñóììó êàê

Zèíñò =
∫

Fµν=F ∗
µν

4∏
µ=1

DAµe
− 1

2g2

∫
d4xtrFµνFµν

Òàêîé èíòåãðàë ðàâåí

Zèíñò =
∞∑

q=1

e
−4π2

g2
q

∫
Fµν=F ∗

µν∫
FF ∗=8π2q

DA
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Îáùåå ðåøåíèå óðàâíåíèÿ ñàìîäóàëüíîñòè. ÀÄÕÌ êîíñòðóêöèÿ

• Äàëåå ñ÷èòàåì, ÷òî êàëèáðîâî÷íàÿ ãðóïïà G = SU(2)

• Óðàâíåíèå Fµν = F ∗
µν èìååò ðåøåíèå ïàðàìåòðèçóåìîå 8q

ïàðàìåòðàìè.

• Âåêòîð ïîòåíöèàë

Aµ = U∂µU
+

è

U∆+ = ∆U+ = 0, ∆ =

(
B1 B2 I

−B+
2 B+

1 −J+

)
+

(
z1 z2 0
−z̄2 z̄1 0

)

• Îïèñàíèå Äîíàëüäñîíà

[B1, B2] + IJ = 0 /G ∈ GL(2)

ãäå B1, B2 �êîìïëåêñíûå ìàòðèöû 2 × 2, I �ìàòðèöà 2 × q è

J �ìàòðèöà q × 2 è

B1,2 → G−1B1,2G, I → G−1I, J → JG.
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Ñòàòèñòè÷åñêàÿ ñóììà. Îòâåò

• Ñòàòèñòè÷åñêàÿ ñóììà çàïèøåòñÿ êàê (Y⃗ = (Y1, Y2))

Zèíñò =
∞∑

q=1

Λq
∑

{Y⃗ },|Y⃗ |=q

Zâåêòîð(a⃗, Y⃗ ), Λ = e
−4π2

g2 .

è

Zâåêòîð(a⃗, Y⃗ ) =
1∏2

i,j=1
∏
s∈Yi E(ai − aj, Yi, Yj|s)(ϵ1 + ϵ2 − E(ai − aj, Yi, Yj))

,

ãäå a1 = −a2 = a è ϵ1, ϵ2 � ïàðàìåòðû ðåãóëÿðèçàöèè,

E(a, Y1, Y2|s) = a+ ϵ1(LY1(s) + 1)− ϵ2AY2(s)

• Ïðèìåð:

Zâåêòîð(a⃗, ((1),Ø)) =
1

(2a+ ϵ1 + ϵ2)(−2a)
,

Zâåêòîð(a⃗, (Ø, (1))) =
1

(ϵ1 + ϵ2 − 2a)(2a)
,
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Ñòàòèñòè÷åñêàÿ ñóììà. Ïðèìåðû

• Äëÿ ñòàòèñòè÷åñêîé ñóììû ïîëó÷àåì:

Zèíñò = Λ0(Zâåê(a⃗, (Ø,Ø)))+Λ(Zâåê(a⃗, ((1),Ø))+Zâåê(a⃗, (Ø, (1)))+...

Â èòîãå

Zèíñò = 1+Λ
1

2((ϵ1+ϵ2)2
4 )− a2)

+ Λ2(...) + ...
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2d Êîíôîðìíàÿ òåîðèÿ ïîëÿ.

• Ïóñòü åñòü äâóìåðíàÿ òåîðèÿ ñ äåéñòâèåì Sconform[φ], êîòî-

ðîå ÿâëÿåòñÿ êîíôîðìíî èíâàðèàíòíûì.

• Â îáùåì ñëó÷àå ìû èíòåðåñóåìñÿ êîððåëÿöèîííûìè ôóíê-

öèÿìè:

⟨O1(x1, y1)...On(xn, yn)⟩ =
∫

Dφ O1(x1, y1)...On(xn, yn)e
−Sconform[φ]

• Óäîáíî ðàáîòàòü â êîîðäèíàòàõ:

z = x+ iy, z̄ = x− iy

• Åñòü ïðîñòðàíñòâî ëîêàëüíûõ ïîëåé: {Ok(z, z̄)}, â êîòîðîì

åñòü áàçèñ è ëþáîå ïîëå â òåîðèè ìîæåò áûòü ðàçëîæåíî ïî

íåìó.

• Îïåðàòîðíîå ðàçëîæåíèå: Oi(z, z̄)Oj(0,0) =
∑

kC
k
ij(z, z̄)Ok(0,0)
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• Â êîíôîðìíîé òåîðèè ñëåä òåíçîðà ýíåðãèè èìïóëüñà íîëü

Tµ
µ = 0

âìåñòå ñ óðàâíåíèåì íåïðåðûâíîñòè ∂µTµν = 0, ýòî ïðèâîäèò

Tzz = T (z), Tz̄z̄ = T̄ (z̄)

• Ãîëîìîðôíàÿ è àíòèãîëîìîðôíàÿ ÷àñòè òåíçîðà ýíåðãèè

èìïóëüñà ðàñêëàäûâàþòñÿ ïî ìîäàì:

T (z) =
∞∑

n=−∞

Ln

zn+2
, T̄ (z̄) =

∞∑
n=−∞

L̄n

z̄n+2

• Îïåðàòîðíîå ðàçëîæåíèå ïîëÿ T (z) ñ ïîëåì O(w)

T (z)O(w) =
∞∑

n=−∞

LnO(w)

(z − w)n+2
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• Îïåðàòîðíîå ðàçëîæåíèå òåíçîðà ýíåðãèè èìïóëüñà ñ ñîáîé

T (z)T (w) =
c

2(z − w)4
+

2T (w)

(z − w)2
+

∂wT (w)

z − w
+ ðåã.

• Ìîäû òåíçîðà ýíåðãèè èìïóëüñà ÿâëÿþòñÿ ãåíåðàòîðàìè

àëãåáðû Âèðàñîðî:

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0

ãäå c �öåíòðàëüíûé çàðÿä äàííîé òåîðèè.

• Ñòðóêòóðà â ïðîñòðàíñòâå ïîëåé:

{Ok(z, z̄)} =
⊕
n
{Φn, L−1Φn, L−2Φn, L2

−1Φn, ....} =
⊕
n
[Φn]

• Φn � ïðèìàðíîå ïîëå, óäîâëåòâîðÿþùåå

L0Φn = ∆nΦn,

LkΦn = 0, ïðè k > 0

Φn(z, z̄) =
(
dw

dz

)∆n (dw̄
dz̄

)∆̄n

Φn(w, w̄)

• Φ(−k1,..,,−kN)
n = L−k1....L−kN

Φn � ïîòîìêè
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• Êîíôîðìíàÿ èíâàðèàíòíîñòü íàêëàäûâàåò æåñòêèå îãðàíè-

÷åíèå íà ïåðâûå êîððåëÿöèîííûå ôóíêöèè ïðèìàðíûõ ïîëåé:

⟨Φ∆(z)⟩ = 0

⟨Φ∆1
(z)Φ∆2

(w)⟩ =
δ∆1,∆2

(z − w)2∆1
,

⟨Φ∆1
(z1)Φ∆2

(z2)Φ∆3
(z3)⟩ = (z12)

γ3(z13)
γ2(z23)

γ1C∆1∆2∆3
,

ãäå γi = 2∆i − (∆1 +∆2 +∆3).
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Îïåðàòîðíûé ôîðìàëèçì

• Çàïèøåì äëÿ ïîëÿ ñòîÿùåãî â íóëå êîîðäèíàò Φ∆(0):

...Φ∆(0)⟩ = |∆⟩
Òîãäà

L0|∆⟩ = ∆|∆⟩, Lk|∆⟩ = 0, k > 0

Àíàëîãè÷íî äëÿ ïîëÿ â z → ∞

lim
z→∞ z2∆⟨Φ∆(z)... = ⟨∆|

è

⟨∆|L0 = ⟨∆|∆, ⟨∆|Lk = 0, k < 0

• Âîçáóæäåííûå ñîñòîÿíèÿ çàïèñûâàþòñÿ êàê

L−k1...L−kM
|∆⟩ = L−Y1

|∆⟩

• Î÷åâèäíî:

⟨Φ∆1
(∞)Φ∆2

(0)⟩ ∼ ⟨∆1|∆2⟩ = δ∆1,∆2

• Áóäåì ðàññìàòðèâàòü ìàòðè÷íûå ýëåìåíòû âèäà

⟨Φ(−m1,..,−mN)
∆1

(∞)Φ(−k1,...,−kM)
∆2

(0)⟩ ∼ ⟨∆|Lm1...LmNL−k1...L−kM
|∆⟩
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Îïåðàòîðíûé ôîðìàëèçì. Ïðèìåðû

• Âû÷èñëèì:

⟨∆|L1L−1|∆⟩ = ⟨∆|2L0|∆⟩ = 2∆

Ìû èñïîëüçîâàëè êîììóòàöèîííûå ñîîòíîøåíèÿ â àëãåáðå Âè-

ðàñîðî

[L1, L−1] = 2L0.

• Íà âòîðîì óðîâíå åñòü ñëåäóþùèå ìàòðè÷íûå ýëåìåíòû(
⟨∆|L2L−2|∆⟩ ⟨∆|L2

1L−2|∆⟩
⟨∆|L2L

2
−1|∆⟩ ⟨∆|L2

1L
2
−1|∆⟩

)
=

(
4∆+ c/2 6∆

6∆ 4∆(1+ 2∆)

)
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Ñîîòâåòñòâèå Àëäàÿ Ãàèîòòû è Òà÷èêàâû

• Ñàìîå ïðîñòîå ÀÃÒ ñîîòâåòñòâèå ìîæíî çàïèñàòü êàê:

∞∑
k=0

Λk
∑

(Y1,Y2)

Zâåêòîð(a, Y1, Y2) =
∞∑

k=0

zk
∑

{Y1,Y2}
|Y1|=|Y2|=k

1

⟨∆|LY2
L−Y1

|∆⟩

• Íà ïåðâîì óðîâíå ïîëó÷èì ðàâåíñòâî

Λ
1

2((ϵ1+ϵ2)2
4 )− a2)

= z
1

2∆

ïàðàìåòðû è ðàçìåðíîñòè îòîæäåñòâëÿþòñÿ êàê

Λ = z, ϵ1 = b, ϵ2 = b−1, a = P,

çäåñü ∆ ïàðàìåòðèçîâàíî êàê

∆ =
Q2

4
− P2, Q = b+ b−1,

à öåíòðàëüíûé çàðÿä êîíôîðìíîé òåîðèè ðàâåí

c = 1+ 6Q2.
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Ïóòü ê äîêàçàòåëüñòâó. Îñîáûé áàçèñ.

• Äîáàâëåíèå ê ãåíåðàòîðàì àëãåáðû Âèðàñîðî Ln, áîçîííûõ

îïåðàòîðîâ am,m ̸= 0:

[an, am] =
n

2
δn+m,0, [an, Lm] = 0.

an|∆⟩ = 0, åñëè n > 0

• Òîãäà âîçáóæäåííûå ñîñòîÿíèÿ åñòü

a−m1....a−mNL−k1...L−kM
|∆⟩ = a−Y1

L−Y2
|∆⟩

• Ïîèñê îñîáîãî áàçèñà â òàêîì ïðîñòðàíñòâå ñîñòîÿíèé:

|∆⟩Y1,Y2
=

∑
{Y1,Y2}

CY1,Y2
a−Y1

L−Y2
|∆⟩

• Îðòîãîíàëüíûé

• Ñóììàðíûé óðîâåíü ïî a−Y1
è L−Y2

îäèíàêîâûé |Y1| +
|Y2| = k äëÿ âñåõ ñëàãàåìûõ â ýòîì áàçèñå

• Íîðìà âåêòîðîâ áàçèñà ðàâíà Zâåêòîð:

Y1,Y2
⟨∆|∆⟩Y1,Y2

= Zâåêòîð(a,Y1,Y2)
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Òàêîé áàçèñ ñóùåñòâóåò!

• Ïðèìåðû íà ïåðâûõ óðîâíÿõ: ∆ = Q2

4 − P2:

• Level 1:

|∆⟩{1},ø = −(L−1 + i(Q+2P )a−1)|∆⟩
|∆⟩ø,{1} = −(L−1 + i(Q− 2P )a−1)|∆⟩

• Level 2:

|∆⟩{2},ø = (L2
−1 − b−1(Q+2P )L−2 +2i(Q+ b−1 +2P )L−1a−1−

− (Q+2P )(Q+ b−1 +2P )a2−1 − ib−1(Q+2P )(Q+ b−1 +2P )a−2)|∆⟩

|∆⟩{1,1},ø = (L2
−1 − b(Q+2P )L−2 +2i(Q+ b+2P )L−1a−1−

− (Q+2P )(Q+ b+2P )a2−1 − ib(Q+2P )(Q+ b+2P )a−2)|∆⟩

|∆⟩{1},{1} = (L2
−1 − L−2 +2iQL−1a−1 + (1+ 4P2 −Q2)a2−1 − iQa−2)|∆⟩
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