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This work is mainly based on postgraduate lectures at Tongji University since 2020 spring. We firstly revisit
the elastic spin and orbital angular momentum [Proc. Natl. Acad. Sci. USA 115, 9951 (2018)] but more general
for anisotropic systems by applying Noether’s theorem to the elastic Lagrangian and by applying the symmetry
argument in the field theory. Then, fundamental relations between elastic energy flux and elastic spin are
uncovered. In particular cases, the wave spin is closely related to the vorticity of energy flux and momentum.
Secondly, we move forward from the elastic spin to revisit the phonon spin [Fizika Tverdogo Tela 3, 2160 (1961)]
by applying the second quantization to elastic fields. We show that the uncovered phonon spin, a polarized
elastic-vibration quanta, is generally not restricted to transverse phonon modes, but applying to general phonon
modes, such as the longitudinal phonon modes, surface phonon modes, and hybridized phonon modes, regarded
as a consequence of mode interferences. The elastic spin and phonon spin originate from the local rotating of
the field polarization in time domain, not the local circulation (vorticity) of displacement or velocity in space
domain. It is hopeful that the present results could advance the fundamental understanding of phonon spin and
elastic spin, and promote the spin phononics for hybrid quantum sensing and technology with multiple degrees

of freedom.

DOTI: 10.1088,/0256-307X,/39,/12/126301

Since the brilliant insight of Dirac on the relativistic
quantum theory in the year 1928, the study of spin and
orbital angular momentum had been extended to arbitrary
fields by Belinfante around 1940."! Then the field theory
became a powerful tool to study the energy, momentum,
and angular momentum of various (scalar, vector, spinor)
fields described by different Lagrangians. It was gradu-
ally accepted as a common knowledge I that a vector field
can possess intrinsic spin in additional to orbital angular
momentum when applying Noether’s variational method
upon rotational invariance. ¥/ When studying phonons, the
quanta of vibration field in solids, the inherent spin was be-
ing overlooked. It was until 1961, Vonsovskii and Svirskii
firstly reported in Ref. [4] (written in Russian with an
English translation in 1962 in Ref. [5]), that the spin of
transverse phonon in isotropic medium can be expected
and formulated, which inspired Levine’s study concerning
quantized spin of transverse phonons in isotropic cubic lat-
tice in 1962. ! These pioneering works were followed by re-
cent revived discussions of the angular momentum physics
of circular polarized phonons, "™ as well as in the stan-
dard textbook, 119 \where the Faraday rotation and rotary
activity of shear waves were discussed.

However, the initial works reported in Refs. [4-6] only
uncovered the phonon spin of transverse (shear) modes,
taking the analogy of photon spin of circularly polarized
light, (1% hut concluded the phonons of longitudinal modes
that have zero spin. This was also regarded to be consis-
tent with the classical field theory because the longitudi-
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nal curl-free field can be usually regarded as a scalar field
since the gradient of a scalar field is always irrotational
without vorticity, and the classical field theory predicted
that the scalar field has no intrinsic spin. ! Therefore, it
was always thought the wave spin is impossible in the lon-
gitudinal curl-free field, such as the acoustic wave in fluid
(air, water).

It is until 2018, half a century later, researchers started

11713 the Helmholtz decomposition theo-

to realize that!
rem, any well-behaved vector field can be decomposed into
the sum of a transverse (non-diverging, solenoidal) vector
field and a longitudinal (non-curling, irrotational) vector
field, enables us to produce versatile interference patterns
among different components that are spin free individu-
ally to synthesize rich wave spin texture. It is therein rec-
ognized that the longitudinal (elastic, acoustic) wave can
have nonzero spin.[”’m] Not only that, but it shows that
mixed transverse-longitudinal waves can induce the hybrid
spin, which is responsible for rich wave spin phenomena
3] such as the later exper-

imental observation of spin-momentum locking in surface
[14]

beyond pure transverse W&VGS,[

acoustic waves excited with chiral elastic meta-sources.

Since then, the spin angular momentum of the elas-
tic wave is termed as the elastic spin for short, and
15717 a5 well as the elastic or-
bital angular momentum counterpart. **72°] Moreover, the
multi-physical interactions between elastic spin of sur-
face acoustic wave and the underlying magnetic materials

and piezoelectric materials are attracting more and more

attracts much attention!
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attention. ?'2% The acoustic spin!*?! is the pure longitu-
dinal wave version of elastic spin and phonon spin, pro-
posed in Refs. [11,12], firstly observed in experiments, [*7]
and triggered an upsurge of acoustic spin in complicated
[28-30] acoustic spin torque [31,32]
the acoustic spin induced selective directionality and scat-
tering with potential applications. [33-35]

Here, we plan to revisit the elastic spin and phonon
spin from a consistent perspective and exhibit their fun-
damental relations. This study is structured as follows:
Firstly, we revisit the elastic spin and orbital angular mo-
mentum from the symmetry and conservation argument
in the field theory, by applying Noether’s theorem to the
Lagrangian of the elastic system. Secondly, we present de-
tailed discussions about symmetry and properties of elastic
spin and orbital angular momentum. Thirdly, we discuss
intrinsic relations between elastic energy flux and elastic
spin, showing that not only will the vorticity of elastic
spin have influence on the elastic energy flux, but in turn
the vorticity of energy flux and momentum will have a
close connection to the elastic spin.
forward to discuss general phonon spin by applying the sec-
ond quantization to elastic fields. The phonon spin picture
uncovered here is not restricted to the transverse phonon
modes, but applying to general phonon modes, such as the
longitudinal phonon modes, surface phonon modes and hy-
bridized phonon modes, whose symmetries and properties
are discussed fifthly. Finally we conclude with some brief
discussions and perspectives.

Elastic Spin and Orbital Angular Momentum. Elastic
spin and orbital angular momentum (AM) were previously
discussed in isotropic medium. Here, we revisit the prob-
lem in a general sense beyond the isotropic constraint, by
applying Noether’s theorem BBl to the infinitesimal invari-
ance. Considering the elastic wave propagating in a gen-

structural acoustics, and

Fourthly, we move

eral anisotropic solid, the local deformation at x* in a solid
material is a vector field u;(z*). The equation of motion
of this displacement field reads

p’LL”L - %ngkl g’l“;, (1)
where p is the density, and Cjji; is the Christoffel matrix
of the material. The Lagrangian (density) description of

the elastic system is [36,37]
1/ .o Oou; Ouy
L(ui, 8,,,’&1-7 a:”) = 3 (pui - C”kl ax; oz )7 (2)
whose Euler-Lagrangian equation -2 W = Ougs—— 8(8 vy leads

to the elastic equation Eq.(1). Using Noether’s theo-
rem, we are able to obtain the energy-momentum tensor
and AM possessed by this field, following the standard
procedure. 21
Firstly, we consider an infinitesimal spacetime transla-
tion by dz* = a* such that z* — z* + o/, which induces
the field variation: du; = —g;‘j dz* = —(Ouui)at. Assuch,
the variation of Lagrangian can be written as
5L = -0, ( oL  Ou;
(8, us) Oxv

Therefore, the invariance of Lagrangian §£ = 0 upon ar-
bitrary infinitesimal spacetime translation a” leads to the

5“5) (3)

conservation 0, T"" = 0, where T"* is the so-called energy-
momentum tensor:

oL

v _
T = 5

Ou; — g'"L, (4)

with  ¢g“#  being the flat metric
diag(1l, —1, —1, —1). For elastic system, this energy-
momentum tensor, as the conserved Noether current asso-

spacetime

ciated with spacetime translations, gives the total energy
(Hamiltonian) density:

00 OL o
H=T = 78(80'&7;)80“4 L
1 Ou; Ou
=5 (bt + Coms Gt ®)

and the k-direction linear (orbital) momentum density
reads

oL

1 _ k0
Pk = T o 8(8()%)

Bkui = 7p'L'Liakui. (6)
Note that this general expression in anisotropic elastic
medium keeps as the same as the expression in a specific
isotropic medium in Refs. [4,5].
density can be written as a more compact vector form:

The linear momentum

pl = _pﬁ : (V)’u, (7)

which on period average is equivalent to p' = Z2Re[u”
(=iV)u] = &Im[u” - (V)u] in frequency domain, as the
same as obtained in Ref. [13].
Moreover, the divergenceless property of the tensor

9, T = 0 leads to the energy continuity relation:

OH

B +V-P=0, (8)
ie., BTOD + 9;P; = 0 with the energy flux P; = T% =
a(g’ﬁmu, = —Cijn gzl u; being just the j-direction com-
ponent of the Poynting vector P = —o-t%. Hereo =C : €
is the Cauchy stress tensor, as the product of stiffness ten-
sor C and strain tensor . The divergenceless property of
the tensor 9, T** = 0 leads to the momentum continuity
relation:

op'

o tV-T=0, (9)

= 0 so that the stress tensor T with
a(a — )8kul =+ 0x; L has the clear physical
meaning of stress (shear stress when k # j). It is worth
noting that the Poynting vector P as energy flux has a
different dimension from the linear momentum density p',
with an additional factor of the square of velocity.

Then, let us consider the space rotation of the elastic
system by an infinitesimal angle @ with coordinate change:
® = 2F + Oixjei]-k. In this case, the field varies not only
with respect to the change of coordinates dz* = Qixjeijk,
but also due to the orientation change of the field itself, so
that the total variation of the field is recorded as

Ou;
e

ie., 2L
elements Tk]

ou; = 6x" + Oupen;. (10)
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This expression tells us an important fact that the rota-
tion of the elastic field not only changes the field distri-
bution upon coordinate change (the first term that will
lead to OAM), but also changes the orientation of the
field polarization itself (the second term that will lead
to SAM). As such, the variation of Lagrangian §L =
&L(%éuj) + 0, LIz* under spatial rotation can be de-
rived to be

5L = 0:0,Tip,
oL

—_— 11

T Oputy) (1)

_ Jpku
Jip = €’ T + €ip5un

The invariance 6£ = 0 upon arbitrary infinitesimal rota-
tion 6; leads to the conserved Noether current J;o, which
is the total AM. Clearly, the total AM separates into two
parts: Jio = L; + S;, where the first part

Li = EijkijkO = —Eijklbjpﬁmakum (12)

is the elastic OAM with the extrinsic dependence r =
{z', 2% 23} on the choice of reference origin. The second
part

Si = eik]-uk ) = Eikjpuk’llj (13)

oL
a(a()uj
is the elastic SAM as a local property of the field itself, in-
trinsic in the sense that it is independent of the reference
origin and thus named as spin AM.

Note that the elastic spin describes a local rotating of
the field polarization in time domain, rather than the vor-
ticity of the displacement field in space domain, so that
the elastic spin S has nothing to do with the spatial curl
V xu. Indeed, for the longitudinal wave u = V& described
by a gradient of a scalar field @, the vorticity is absent
(V x V& = 0) with no doubt. Yet, the longitudinal wave
can still possess nontrivial wave spin §.17'%27 More-
over, different from previous studies that are restricted
to isotropic homogeneous medium, the derivation of elas-
tic spin and OAM here breaks the limitation and applies
to more general anisotropic inhomogeneous cases. For in-
stance, we can see that the anisotropic medium considered
here has the same expression of elastic spin as the isotropic
medium reported in Refs. [4,5]. This is also reflected by the
fact that the final expressions of local elastic spin density
and elastic OAM density do not contain the information
of the anisotropic elasticity tensor, but with only depen-
dence on the local field w(r), @(r) and local density p(r).
Anisotropy may not conserve the OAM and SAM, but the
definitions are still there.

It is worth noting that the Poynting vector P as energy
flux has a factor of velocity square [velocity]® = Ciji/p
in addition to the linear momentum density p'. There-
fore, when using the orbital component of Poynting en-
ergy flux (r x P°) to calculate the elastic OAM den-
sity (r x p'), the energy flux needs to be normalized
by the square of velocity [velocity]> = Cijri/p since the
OAM is [position] X [momentum density] = [position] x
[Poynting energy flux]/[velocity]?. The elastic OAM ob-
tained in the main text of Ref. [13] was also discussed in
Ref. [18] and its erratum, as well as Ref. [19].

Symmetry and Properties of Elastic Spin and Elastic
OAM. The elastic OAM Eq. (12) and SAM density Eq. (13)
can be rewritten in more compact vector forms:

L=pt (—-rxV)u=rxp, (14)
S = pu x u, (15)

which, on period average for monochromatic elastic wave
—iwt

un~e , are equivalent to
L= %r x Im[u* - (V)u], (16)
S = %"Im[u* x ul. (17)

These results exactly reproduce the same expressions as
obtained in Ref. [13], where general waves were considered
with exemplifications in isotropic elasticity, and are here
further extended to general solids with anisotropic prop-
erties. Also, it was pointed out that one can define state

vectors: [13]

Ug
_ P _ pw * * *
w) = /5 Ly |0 (ul =B (wr wp wz). (1)
Uz

As such, (u|u) = M/(hw) has the physical mean-
ing of phonon number density, and with the momen-
tum operator p = —ihV, the previous discussed lin-
ear momentum can be apparently expressed as p' =
Re[(u|p|u)]. Therefore, the period-averaged elastic spin
and orbital AM density can be accordingly expressed as
“local expectation”-like values in convenient quantum-like
representation,

S(r) = (u(r)|S|u(r)), (19)
L(r) = Re[(u(r)| L|u(r))], (20)
where L = r x (—ihV) can be regarded as the OAM oper-

ator, satisfying commutation [Li, L;] = ihe;jy, Ly, while S
is the spin-1 operator,

0 0 0 0 0 —1

S,=—in|lo o 1|, S, =-inflo o o |,
0 -1 0 1 0 0
0 1 0

S.=—ih|-1 0 0], (21)
0 0 0

satisfying [S;, ;] = ihe;jxSk. This spin-1 representation
is consistent with the fact that the elastic vibration field
can be quantized into a bosonic field, i.e., the so-called
phonon.

Strictly speaking, Noether theorem and symmetry dis-
cussions given above can be conventionally imposed within
the Lorentz group in four-dimensional spacetime, [2,38]
that elastic spin will emerge as a consequence of the
Lorentz invariance. This is a standard technique in ap-
plying Noether’s theorem to discussing wave spin in other
39,40] plasma
I and gravitational wave. (38,4142 Without loss of

SO

classical waves, such as stratified fluid wave, |
wave, 39
generality, we restricted the above discussions to the ro-

tation in three-dimensional space for simplicity, so that
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elastic spin emerges as the consequence of the SO(3) sym-
metry. Indeed, expressing the infinitesimal @-rotation as

1 —0. 6,
R= 0. 1 -0,
-6, 0. 1

by keeping only up to the first order 8, one can see that
the SO(3) transformation Uy of the elastic field not only
rotates the spatial coordinates but also rotates the elastic
field states, i.e.,

Uslu(r)) = Rlu(R™'r))

lu(r —0 xr))+ 0 X |u(r — 0 xr))
lu(r)) — (6 x 7) - V]u(r)) + 6 x |u(r))
lu(r)) =0 - (r x V)|u(r)) + 6 x |u(r))

Q

—(1- 760 (E+8) ) ~ e F ). (@22)

This follows the standard technique in quantum mechanics
textbook, ** leading to the infinitesimal SO(3) transfor-
mation UJ =] ef%g‘j, where the infinitesimal generator
J =L+ 8 can be regarded as the total AM operator of
the elastic field. From this argument, one can also clearly
see that the elastic OAM L results from redistributing the
field upon coordinate change, while the elastic SAM S re-
sults from the orientation change of the field polarization
(displacement or velocity) without coordinate change.

For general monochromatic elastic wave at r =
{2,y,2}, ulr) = {Juale®, u,le®s, [uzle’® }e =", the
linear momentum density is related to the phase gradient
of the elastic field, as

I

5 2. ¢ Re[Vei). (23)

1=x,Y,2

b

Using Eq. (23), we can see that the elastic OAM is related
to the phase gradient of the displacement field

L:% >

i=z,y,2

672Im[¢i]|ui|2(r x V)Re[¢]. (24)

For example, for elastic field in a 2D membrane system
with polar coordinate and real phase ¢;, if only the in-
plane modes are excited, then

L = B2 (jus "0 + |uy *000,), (25)
while if only the out-of-plane modes are excited, then
L.= %mzfaeqﬁz, (26)

where the phase gradient Jp¢ can be quantized as an in-
teger OAM number [ (¢ ~ 10), with [ being the so-called
topological charge. The phase gradient expression indi-
cates that the elastic OAM L is related to the physical
momentum around the origin, since the phase gradient is
related to the linear momentum density, which is bounded
by the group velocity of the wave in the medium.
Accordingly, for general elastic wave wu(r) =
{|uz|e™®=, |uy|e®Y, |u.|e®= Ye™™* the elastic spin S(r) =

{Sz, Sy, S-} can be obtained as

Sz (1) = pwluy (r)uz(r)| cos(dy(r) — ¢=(r)),  (27a)
Sy(r) = pwluz(r)ue(r)| cos(d=(r) — dz(r)),  (27b)
S=(r) = pwlug (r)uy (1) cos(dz(r) — ¢y (7)), (27¢)

which can also be regarded as the consequence of wave
interference, (3] manifested as the phase difference from
different polarization components at location r.*? There-
fore, distinct from L, the polarization rotation, as the
physics origin of intrinsic elastic spin S, is related to the
phase change, so that the polarization rotation speed is re-
lated to the phase velocity, but not restricted by the group
velocity in the medium.

It is interesting to note that here we consider neu-
tral elastic medium without electric charges. If the elas-
tic medium is uniformly charged, the elastic OAM and
SAM will induce nonzero elastic orbital magnetic moment
and elastic spin magnetic moment by simply multiplying
an additional factor of £ with p. being the charge den-
sity. As such, the elastic orbital magnetic moment density
pr = £¢L = 4 (=7 x V)u and elastic spin magnetic
moment density ps = Z—ZS = L2 x @, which, on period
average for monochromatic elastic wave u ~ e
equivalent to

—wt
wt o are

_ Pew
T4

_ Pew
T4

Iy r X Im[u” - (V)u], ps Im[u” x u]. (28)
Actually, even for the neutral elastic medium, once the
positive and negative charges are separate, i.e., polarized,
the system can also possess nontrivial elastic magnetic mo-
ment. The detailed discussion of elastic magnetic moment
is out of the scope of this study and will be investigated
elsewhere.

Relations between Elastic Spin and Energy Flur. We
expect that there exist intrinsic relations between elastic
spin and elastic energy flux because intuitively the polar-
ization rotation may relate to the circulation of energy
flux. As we will see in the following, this is true for some
simple cases, but is not generally hold.

For simplicity, we restrict discussions here in an
isotropic elastic medium. The stress tensor is expressed
as o = AV - ul + 2ue, where the first Lame constant
A=K-— %G and the second Lame constant © = G. K and
G are the bulk and shear moduli, respectively. As such,
the equation of motion of the elastic field can be much
simplified to

—pPu=V-0=A+20)VV-u—puVxVxu (29)

Accordingly, after some mathematics, we can express the
period-averaged Poynting energy flux P = 1Re[iwo*u] in
different ways,

_w(A+2p)
- 2
- %V x Im[u” X u]

:vg%lm[u*(v )] + v%%lm[u* x (V x u)]

P Im[w*(V - )] + %’ulm[u* x (V x u)]

—viV x 8. (30)
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(A +2p)/p and vy = \/u/p are the longi-
tudinal and transverse wave speeds, respectively. Clearly,
the vorticity of elastic spin V x S will have influence on
the elastic energy flux P. Here we have used the identity
Im[u* (V- u)]+Im[u* x (V xw)] = Im[u* - (V)u)] + 1V x
Im[u* X u], which implies an interesting momentum de-
composition of complex field with both transverse and lon-
gitudinal wave components: Z2Im[u*(V -u)] + &7 Im[u” x
(Vxwu)] = p'+p°. Here, p' = 2Im[u*-(V)u] is the linear
momentum density discussed above, and the momentum
density p® = %V X S can be named as the spin momentum
density. It is worth noting that the volume integration of
the cross product between r and the whole momentum
density leads to the total AM, as [ 7 x & (Im[u" (V- u)]+
Im[u* x (V xu)])dr® = [rx (p'+p°)dr® = [(L+S)dr>.

To see the potential connection between elastic spin
and energy flux, let us discuss the particular cases of
transverse and longitudinal waves separately. Noticeably,
the notation of transverse (longitudinal) wave we used
here does not mean that the wave has displacement only
perpendicular (parallel) to its propagation direction, but
may have field component along (perpendicular) to the
propagation direction, as in the cases of evanescent sur-
face waves or waves with inhomogeneous field distribu-
tion. Nevertheless, the transverse (longitudinal) waves are
still divergence-free (curl-free). Therefore, the notation of
transverse (longitudinal) wave means the divergence-free
(curl-free) field throughout the whole work.

Using the Helmholtz field decomposition v = wr + ur,
into curl-free field V X ur, = 0 and divergence-free field
V - ur = 0, we can obtain the relations between Poynting
energy flux and elastic spin and momentum for longitu-
dinal and transverse waves, respectively. As we will see,
not only will the vorticity of elastic spin (spin momentum)
have influence on the elastic energy flux, but in turn the
vorticity of energy flux and momentum will have a close
connection to the elastic spin. For the physical quantity
composed of pure transverse (longitudinal) wave field, T
(L) is added as the subscript of the notation. For elas-
tic wave of pure transverse wave component, the elastic
energy flux can be decomposed as

Here, v, =

2
P =d3p' — U?TV xS = vi(]z)1 —p°). (31)

For elastic wave of pure longitudinal wave component, the
elastic energy flux can be decomposed as

1
P, :vg(pl—l—EVXS) — V2V x 8
=vip' + (vf — 202)p°. (32)
Moreover, for longitudinal elastic wave, from the relation

V x [(V-un)ui] = VZur x uf and the equation of motion
—pw?ur, = (A + 2p)V3uy, it is straightforward to obtain

2

V x Im[(V - ug)u]] = Ai o

Im[uf, X u], (33)
and the vorticity of linear momentum is related to the spin,

2
Vxp = ‘:—Es + %VQS. (34)

Therefore, the vorticity of elastic energy flux (Poynting
vector) is related to the elastic spin,

V x P, =w’S +v2V?28. (35)

For the sound wave in shearless fluid, e.g., air or wa-
ter, u = 0 and vr = 0, so that the Poynting vector
P, = vZ(p' + p°) and the acoustic spin is related to the
vorticity of Poynting vector,

1
S:EVXPL’ (36)

i.e., a local (intrinsic) circulation of energy flux (note: to
obtain this connection, we used the property V -S = 0
and V x p° = —%V2S for curl-free longitudinal waves). In
other words, the wave spin emerges even for irrotational
field V x uy, = 0, because the energy flux can have micro-
scopic spatial circulation locally (V x Py, # 0) to produce
nonzero spin angular momentum at a point. Therefore,
it is reasonable to use the vorticity of Poynting energy
flux to represent the pseudospin in acoustic systems, and
this kind of acoustic pseudospin (energy flux vorticity) is
tightly related to the acoustic spin, i.e., the real, physical
spin angular momentum of acoustic wave, " with a factor
difference of the frequency square.

Nevertheless, this simple connection merely applies to
longitudinal (irrotational, shearless, curl-free) waves, but
is not strictly applicable to general transverse waves, let
alone general cases be with hybrid transverse-longitudinal
waves. For example, for the pure transverse elastic wave
V - ur = 0, one needs further restrict to a special elastic
field, like the in-plane vibrations that v, = 0 and uz 4 is 2-
independent, to guarantee V- S = 0. As such, it is readily
to get V x Im[ur x (V x ur)] = %Im[ufF X wr| so that
the vorticity of linear momentum is related to the spin as
Vxp = j—jS + %VQS. Therefore, the vorticity of energy
flux of thisTspecial transverse wave can be related to the
elastic spin as well,

V x Pr =w’S +v3V>S. (37)

This is, however, not valid for general transverse waves.

Phonon Spin by Quantization. Now, we turn to discuss
the phonon spin, [4,5] by applying the second quantization
of the elastic field to the elastic spin (the second quantiza-
tion of the elastic OAM to phonon OAM will be discussed
elsewhere). At low temperature, or with the low density
of phonons, the vibrations of the medium should be de-
scribed by the laws of quantum mechanics. At high tem-
perature, or when the phonon density is sufficiently large,
the phonon picture of the elastic system will reduce to the
equivalent classical description.

Through the Boson operators of second quantization,
we can express the displacement and velocity vector as

ﬁ(bim +bia)emne™ ", (38)

kX
. hwia 4 ik
u —Z; 2pV (b—kk — bk,)\)Ek,/\e . (39)

Here, k is the wave vector, A is the branch index (LA,
TA, LO, TO, and so on), wgy is the phonon frequency,
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p is the medium density, and V is the normalized vol-
ume; € is the orthonormal unit polarization vector and
b ., brx are the creation and annihilation operators of
corresponding phonons, satisfying the commutation rela-
tion [bk,\,bL,A,] = 0w/ Oan- Considering w_gx = wy,, and
€_kx = €y, the linear momentum density p' can be read-
ily quantized as

P = o S nk(bhaber + ), (40)
kX

by removing the high frequency terms upon time-average
on period, where k can be generally equal to the phase
gradient V¢ for the field w ~ €®*~“Y . Quantization of
the elastic field energy is also straightforward.

The elastic spin S = pu X & can be expressed in terms
of phonon operators as well,

1h W*/ ’ * * —i(k+k')r,t T
S = 2V ZZ Lf*A (Eka X Eprar)e ( : Dby

kk! A\ kX
We! N/ i(k+k’

KX (ern x errar )€ FTE T b bpr s

WEX
wi . ’

P\ * i(k—k")r
7(6]@\ X Ek/)\/)e ( ) bk)\b};,)\,
WeX
WE/X\ % —i(k—k')r, 1

" (Ek,\ X sk/)\/)e bk/\bk’)\’- (41)
WA

The contribution of first two terms b};AbL,X, brabrr s will
vanish on the period average, reminiscent to removing
the high frequency terms in rotating wave approximation.
Moreover, considering the elastic field quantization is on
—iwt the square root of
the frequency ratios become 1. As such, the phonon spin
is simplified to

ih x i(k—k)r t
S = W ZZ(EI")‘ X ekg\/)e ( ) bkkbk/)\/

kk’ AN

the monochromatic wave u ~ e

— (eix X ewar)e FTFITHL b (42)

By considering the spin-1 operator S in Eq. (21) to denote
—ihey X €prnr = (era|S|ern ), and exchanging indices
k <+ k' and X\ < ), the phonon spin can be finally ex-
pressed as

1 —i(k—k')r 4
S—VZZ(f <€k>\|S|€k/>\/>

kk’ AX\
; 1
. (bkAbk/A/ + Eékk'(skk')' (43)

Clearly, this expression indicates highly rich physics
of phonon spin for diverse cases of phonon hybridizations
between different modes (k,)\) and (k’,)\’), beyond the
phonon spin of only transverse phonons discussed in the
[4=6] Just similar to the elastic spin, the phonon
spin can also result from the interference™®! between lon-
gitudinal phonons with different momentum (direction) k,
or from the interference between longitudinal and trans-
verse phonons (different branch A\) with the same k. For
the phonon mode with the unique k' = k, A’ = ), the
zero-point phonon spin will appear but will flip to oppo-
site when k is reversed. For complex unit cell with more

literature.

than one atom, the system can have complicated phonon
bands, like various acoustic and optical branches, so that
the situations become more elaborate. In the following, we
will discuss case by case the hybridization and symmetry
for phonon spin in general. Specific examples of phonon
spin in topological materials and lattices will be discussed
in a subsequent article.

Hybridization and Symmetry for Phonon Spin. Differ-
ent phonon modes (k, ) and (k’, ") can hybridize to form
a new phonon mode, so that even the original phonons in-
dividually have zero spin, the phonon spin of the hybrid
modes may emerge to be nonzero.

Firstly, let us set €f, X €xrxr = |€jx X €/ ar|€™?, s0 that
Ekr X Epry = |€fx X €rrav|e™ . We denote a new phase
e = ei(“’_(k_k/)'“), and then for a given pair of phonon
modes {(k,\), (k’,\')), the phonon spin is expressed as

S = —ihlepy X epn|(€Pb b — e Phrabl ). (44)

Secondly, let us define new phonons as the hybridization
of the paired phonon modes {(k, \), (k’, \')), through

_ bea Fiebyy ph = bio £ ie”" bl (45)
- \/5 ’ + = \/5 )

which, as can be easily checked, follow the same Boson
commutators [b+, bL:] =1, [bs, b;} = 0. It is readily to ver-
ify bl by — bl b = —i(e™bl \brras — e "Pbrabl,,,). There-
fore, b1b+ and b' b_ denote the spinful phonon modes with
opposite SAMs, and we have the phonon spin for the paired
modes ((k,\), (k’,\")) (that may be non-spinful individu-
ally),

bt

S = hlefx X e |(bh by — bl bo)
= [(era|Slewa )| (Bl by — bl b_). (46)

Generally speaking, the phase ¢ and hybridization may be
spatial direction dependent, and S will be location depen-
dent in the real space, exhibiting the interference pattern
as a consequence of the difference between k and k’. Since
the hybridization can be between arbitrary pair of phonon
modes, the polarization is generally elliptical and the value
l(era|Slera)| = filefn X €rrxr| is upper bounded by spin
1(h). In general, S will be spatially varying and has rich
structure of phonon (elastic) spin texture in both real and
momentum space.

Beside the elliptically polarized hybrid phonons in gen-
eral, we now discuss some simple cases for the paired
phonons with the same k and the degenerate (yet differ-
ent) branches \, ). For example, for the two degenerate
bulk transverse phonons at long wave limit (TA modes),
the polarization vectors are real with egx) X gy = % and
¢ = 0. As such, the hybridization Eq. (45) reduces to
b = ATl UL
V2 V2

The two linear polarized phonons can be hybridized into
two oppositely circular polarized phonons b:r,_lu_, bt b_, so
that the phonon spin reads

k
Sy = hE(erb;H — bl _bi). (48)
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The direction of this phonon spin is parallel to the direc-
tion of momentum k, which exhibits the phonon helicity
and the tight phonon spin-momentum locking that revers-
ing k reverses Sk.

Two phonons merely degenerate at particular k points
can also have similar nonzero hybrid spin. For example,
the 2D Kekule lattice of Cs point group symmetry with
in-plane vibrations has two-fold degenerate phonons at
k =0, i.e., two p-orbital modes and two d-orbital modes.
Hybridization between linear polarized modes d,2_,2 and
dzy with zero phonon spin leads to the circularly polarized
modes d+ = (d,2_,2=+iday)/v/2 with nonzero phonon spin:

S. = h(bl ba, — bl ba_). (49)

The case for p-orbitals with px = (p, % ip,)/v/2 is some-
what similar. Also, the circular polarized phonons of hy-
brid LO-TO modes in graphenel” falls into this phonon
spin scenario. In general, when the energies of two phonon
branches coincide, the degeneracy points in k-space may
either be isolated points, or form a line, loop or even plane,
which can be regarded as the consequence of crystal lattice
symmetry.

Moreover, the single phonon mode can also possess
nonzero spin without hybridization. For the single phonon
mode, k' = k and the band index A’ = ), the phonon spin
reads

N 1
Sk = <€k>\|S|€k>\>(bLAbk>\ + 5)

. 1
= hIm[Ek)\ X €k)\] (ka)\bk)\ + 5) (50)

For the time-reversal phononic (elastic) system, it is read-
ily to observe

Sk = —5_k, (51)

upon the symmetric phonon excitation btkkb_k.)\ =
b;r“bm. This clearly demonstrates the phonon spin-
momentum locking that reversing k will reverse spin. The
valley phonon spin in structures of C's symmetry falls into
this scenario, and opposite valleys have opposite phonon
spins upon the inversion (k + —k), e.g., for the circu-

(44,45] 1,

lar polarized phonon modes in hexagonal lattice.
general, bulk modes of phonons with finite k will have the
finite Sk, manifested as the elliptical polarization. Be-
sides bulk modes, the phonon spins of the topological in-
terface modes, inhomogeneous evanescent waves, and sur-
face acoustic waves, such as Rayleigh-Lamb waves, 1314
all fall into this scenario, and the sign of SAM is direction-
ality dependent.

So far, we have focused on the phonon spin of partic-
ular modes. Now, let us look into the whole phonon spin
after the volume integral. By utilizing fdrsei(k_k/)" =
V ik, we can obtain

CA= /dr3%lm[u* X u]
= hZZIm[eZ,\ X Ek)\/](bT b + 1(5/\)\/)
kX 2

ANk

=3 (ernlSlerr)bhabrr, (52)

ANk

where the zero point phonon spin %h is canceled by
the time-reversal pair k and —k due to the symmetry
(err|Slern) = —(e—rrlSle_kr).

Here, X and )\ can be arbitrary pair of phonon
modes, either of the same branch, like previously dis-
cussed surface acoustic wave and valley modes, or of
different branches, like previously discussed transverse-
transverse hybridization (the simplest example of cir-
cularly polarized phonons), longitudinal-longitudinal hy-
bridization, longitudinal-transverse hybridization and de-
generate mode hybridization. Therefore, the above dis-
cussions are also similarly applicable to the volume inte-
grated phonon spin. Moreover, because the summation
over all k, the integrated phonon spin of some cases may
vanish due to cancelation between different mode pairs,
such as the time-reversal pair, mirror-reflection pair, and
inversion pair. Therefore, breaking those symmetries or
selectively exciting the modes or integrating partial vol-
ume is required to obtain nonzero phonon spin in total.
We here confine our discussions within the hybridization
and symmetry for phonon spin in a general form. Concrete
examples of phonon spin will be demonstrated in a subse-
quent article for various topological phononic crystals and
lattices.

Conclusion and Discussion. In summary, by applying
the field theory and Noether’s theorem to the elastic La-
grangian, we have revisited the elastic spin and orbital
angular momentum, and discussed their invariance and
symmetry properties.
and the vorticity of energy flux and momentum have been
discussed. By applying the second quantization to elastic

Connections between elastic spin

fields, we have discussed general quantum phonon spin.
The phonon spin picture uncovered here is not restricted to
the transverse phonon modes, but is shown to apply to gen-
eral phonon modes, like the longitudinal phonon modes,
surface phonon modes and hybridized phonon modes, re-
garded as consequences of mode interferences, whose sym-
metries and properties are discussed in detail.

Yet, there are many open questions that here we have
no space to discuss in detail but deserve further efforts:

(I) From the first section, it is readily to obtain
9L 1 V. (rxT) = T" —T so that when the stress tensor T
is not symmetric as in many cases, the elastic OAM L; can
not be conserved individually. Neither do the elastic SAM
Si. Nevertheless, the total AM [ dr®Jio = [ dr®(L; + S;)
can still be well conserved in total (also see the SO(3) sym-
metry discussion in the second section). This is because
considering the invariance 9,J;, = 0 in Eq. (11), the inte-
gral fd1"380J¢0 =— fdrSQkJik is in the form of a volume
integral of a divergence, which is therefore equal to an inte-
gral over the bounding surface and vanishes at boundary.
The non-conservation of separate OAM and SAM indicates
that the elastic field (even general wave system) possesses
the spin-orbital coupling (SOC) intrinsically. Our further
investigation suggests two different types of SOC: Rashba
SOC for the longitudinal wave (V- ~ &; - (S x p);) and
Dresselhaus SOC for the transverse wave (Vx ~ S - p),
which will be discussed in details in future.

(I) The energy-momentum tensor 7T"*, satisfying the
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conservation 9,T"" = 0, is indeterminate by any addi-
tional term whose spacetime divergence vanishes. When
the energy-momentum tensor is asymmetric, researchers
can often exploit the ambiguity to find such a divergence-
less quantity to define a symmetrized tensor. As a conse-
quence, the symmetrization of energy-momentum tensor
will cause a modification of the definition of momentum
and energy flux, as well as the SAM and OAM. Their re-
lations discussed in the third section will then be affected.
For instance, in Eq. (30), we may have a redefined energy
flux P’ = P +v2V x 8 so that both Egs. (31) and (32)
may be modified to more symmetric and consistent forms:

" = v2(p' + p°) and P} = vZ(p' + p°) so that the term
V2S can disappear (be absorbed) in the vorticity expres-
sions of momentum and energy flux. The effects of sym-
metrization of energy-momentum tensor definitely deserve
further studies in future.

(IT) Hierarchical structure of AM at different scales
and perspectives will also cause the possible transforma-
tion between SAM and OAM. The infinitesimal element
of the continuous medium in the field theory must not
be identically recognized as the elementary particle of the
corpuscular theories. For particles at location r 4+ w; with
velocity 7 + 4, let  denote the vector from the origin to
the center of mass, M = 21 m; the total mass, and w;, m;
the displacement vector to the mass center and the mass
of the particle 4. It is well known that (see, e.g., Gold-
stein’s textbook about classical mechanics!*®) the total
AM can be decomposed as J = Y. (r+ui) X mi (7 + 1) =
r X Mr + ZZ u; X miu;, i.e., the “external” AM of mo-
tion concentrated at the center of mass, plus the “internal”
AM around the center of mass. When one can not distin-
guish the internal structure of the mass, the internal AM
is regarded as the intrinsic spin of the mass. If one has
better and better resolving ability, the internal AM of the
mass will be hierarchically found as the resultant of the
external AM of constituent elements, such as molecules,
atoms, nuclei, and more deep internal structures. There-
fore, the hierarchical structure of substances at different
scales causes the transformation of external and internal
AM into one another.

Phonon, as the elementary excitation of the elastic field
by second quantization, is a kind of quasiparticle dual to
the vibrational wave. Similar to the electromagnetic wave-
photon duality, the intrinsic properties of the phonon local
in the reciprocal space are related to the extended (global)
properties of the wave extended in the real space. A ‘single’
phonon mode is manifested as a collective motion pattern
of the whole lattice so that all the properties of a single
phonon mode will be flatten throughout the whole real
space. Therefore, the intrinsic phonon spin is closely re-
lated to the elastic spin, and the density of the latter at dif-
ferent locations is capable of uncovering more rich internal
angular momentum structures extended in the real space.
Investigation of the phonon spin and elastic spin may not
only inspire researchers to pursue the origin of the spin of
real fundamental particles, but also provide us more op-
portunities to develop spin phononics for multiple degree
of freedom quantum sensing and quantum control technol-

ogy. When solid-based quantum chips become more and
more important in the future, the electron-phonon cou-
pling, opto-mechanical coupling, magneto-elastic coupling,
and piezoelectric coupling, etc. will be inevitably involved
due to the substrate vibrations, where the phonon spin
and elastic spin will play a central role when coupled to
the electron spin, optical spin, magnetic spin, spin wave,
and so on.
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